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Ir,  the  crystallization  process  from  vapor 
or  from  solution>the  concentration  in  this 
homogeneous  phase  of  the  substance  that  is 
settling  out* continually  decreases.  Paral¬ 
lel  with  the  consumption  of  the  substance 
end  the  decrease  of  ita  concentration  in 
the  homogenous  phase  the  'rate  of  the  fur¬ 
ther  growth  of  the  crystal  particles  already 
formed  and  the  rate  c-f  formation  of  new 
nuclei  —  crystallization  centers  —  also 
decrease.  The  latter  rate  decreases  unus¬ 
ually  sharply  with  decrease  in  supersatur-. 
ation,  and  this  circumstance  greatly  simpli¬ 
fies  calculations  in  the  analysis  of  the 
kinetics  of  the  process.  The  method  which 
we  developed  for  the  calculation  of  the 
kinetics  of  the  crystallization  (1)  enabled 
us  in  this  case  very  easily  to  elaborate 
forth  all  the  fundamental  characteristics 
of  the  process  aud  the  form  of  the  distri— 


button  curve.  The  latter  exhibits  a  peaked 
nature  ( c figure  3)  find  in  fora!  is  similar 
to  the  Gaussian  error  distribution  curve. 


1 .  The  fundamental  equation  of  the 


process 


In  one  of  our  previous  studies  (1)  devoted  to  the 
kinetics  of  crystallization,  we  developed  a  fundamental 
equation  for  the  provisional  course  of  the  process  at  de¬ 
creasing  concentration  of  the  crystallizing  substance  in 
a  homogeneous  phase.  In  addition  iaoth€;rmal  crystalliza¬ 
tion  from  solution  or  from  the  vapor  state  is  studied 
in  the  practical  absence  of  the  settling  out  of  the  form¬ 
ing  particles  under  the  force  of  gravity,  when  the  total 
volume  of  all  the  separating  crystals  occupies  only  a 
negligible  portion  of  the  bulk  of  the  homogeneous  phase. 

Y/e  retain  the  symbols  introduced  in  the  previous 
studies  (1,2):  x(t)  «  X(t)  -  x  stands  for  the  super¬ 
saturation,  that  is,  the  excess  of  the  instantaneous 
concentration  in  the  homogeneous  phase*  X(t)  over  the 
equilibrium  concentration  at  the  given  conditions—  xQ» 
p  is  the  density  of  the  crystals;  y  is  the  coeffici¬ 
ent'  of  the  crystal  form  (the  ratio  of  the  crystal  volume 
CO  -  yl5  to  the  cube  of  its  radius  1);  Qf(x)  is  the  pro¬ 
bability  of  the  formation  of  a  nucleus  —  crystallization 
center  —  per  unit  volume  per  unit  time  ;  and  J.  dl/dt 
is  the  linear  rate  of  crystal  growth.  We  derive  an  aux¬ 
iliary  variable  t 

z(l)  -  U(x")d t"  ,  (1) 


which  is  the  radius  of  the  largest  crystal  at  the  moment 
of  time  t.  Whence  the  radius  of  a  crystal  forming  from 
a  certain  preceding  moment  t1  to  a  given  moment  t  will 
be  equal  tb^ 

itt‘. ;V ’  j^(x,,)dtM  -  z(t)  -  ss(t')  «  z  -  Z'  (2) 

-  t’ 


and  the  volume  of  ibis  crystal  equal  tor 


The  total  volume  of  all  the  crystal  particles  separating 
out  up  to  the  moment  t  is  equal  to: 

v(t)  *  )dt*  -  \voc(x‘)Z^  -  zl75dt‘ 

*  &  -  i'J^z'  ■ w 


In  time  dt  the,  quantity  of  crystallized  substance  per 

unit  volume  increases  by  odv(t).  * 

This  expression  must  be  equal  to  the  decrease  in 

concentration  in  the  volume 

m  ^dv(t)  «  -  dx(t).  (5) 

Considering  the  quantity  z  introduced  by  us  above 
in  the  capacity  of  an  independent  variable,  we  obtain 
the  fundaments!  equation  of  the  mass  balance: 

£  ' 

|f  -  \  rc*')Z»  -  zJ7s<ia’ ,  (6) 


where  F(x)  * 


Ocr  x:: 


^  F(x' 
0 


(7) 


Differentiating  both  parts  of  equation  (6) 

with  respect  to  z,  we  obtain  the  final  equation  of  the 

process:  /+ 

~  6ypF(x)  (Q) 

dz 

with  the  initial  conditions:  at  z  *  0  (i.  e.,  at  t  «  0) 

0.  (9) 


dx 

x0  e  V  3z 


I  d^x 

d^x 

I  * 

0 

dP 

1 

X* 

o 

0 


The  probability  of  nuclei  formation  <X(x)  (and,  conse¬ 
quently,  also  the  quantity  F(x))  decreases  unusual  y 
sharply  with  decrease  in  super saturation.  According  to 

Volrner  ,32)  • 

«(X)  .  A  exp  {-  K'g(^-]V~  (10) 

here  C  is  the  surface  tension  of.  the  crystal,  ^ 

v  is  the  volume  corresponding  to  the  crystal  per 


single  molecule, 

T  is  the  absolute  temperature, 

K  is  Boltzmann's  constant, 

—  Jig  is  the  difference  in  the  chemical  poten-  . 

the  supersaturates  and  the  equilibrium  solutions 
For  ideal  solutions  '  - 


tials 


of 


V1!  “  H2  85  raigcx  +  x0)  -  mex0-  kti*  (1  +  —■).  (11) 


At 


low  relative  supersaturation  (~-<^rl): 


0C(x>  ~ 

and  at  high  supersaturation 


Ae 


(—^  1): 
xo 


x2 

_Q_ 

x2 


(12* ) 


OC(x) 


£  Ae 


lg*(#-)  * 


(12") 


where  C  *  ±s 

(KT)5 


a  dimensionless  parameter,  which 


usually  has  a  numerical  value  of  the  order  of  several 
thousands.  Both  expressions  (l2‘)  and  (12")  fall  off 
ouite  sharply  with  decrease  in  supersaturation. 

The  function  °C(x)  behaves  analogously 

*U"  *  Jtxt 

to  the  probability  of  nuclei  formation  0C(x)  and  also 
quite  sharply  diminishes  with  decrease  in  supersatura¬ 
tion.  Therefore  we  can,  to  an  approximation,  replace  the 
actual  form  of  the  curve  F(x)  by  the  dashed  line.  At  the 
beginning,  with  a  small,  decrease  in  supersaturation,  we 
can  substitute  for  F(x)  the  line  which  has  the  same  slope 
as  does  the  curve  F(x)  at  the  initial  point,  x  •*  x,..  At 
the  point  of  the  intersection  of  this  line  with  1  the 
abscissa  (x  =  x.,  ci  figure  1)  the  value  of  F(x)  will  be 
already  small  enough  so  that  we  can  without  large  error 
consider  this  function  equal  to  practically  zero.  Thus, 
the  original  equation  (S)  is  broken  into  two  equations 
corresponding  to  the  two  portions  of  the  dashed  line:  ; 


A 

d  x. 


dz 


T  “  “  fe^F^xN;xv 


at  xA  4  x  ^  Xjj  ,  (8* ) 


3S^S^lBS8gf(a,  •• 


*jt(«)  -  *A  -  |co8b?P3  *  (*if  -  *A)  {(%  -^-~)?  * 

}  tghyp^  •  (5  i-^S)2  +  5(j  -  Sj  "-)}  '  (14") 


at  z  ■*  z 


;A\2  +  5  /if 


s  -  &, 


TT  4 


*11  ~  *A 


(14*) 


(15) 


Both  solutions  <»■)  •£<»*>  and  their  < derivatives  up 
to  the  third  oraer  inc  u-i  7  of  z  corresponds  to  a 

seen  from  (7)  an<^  ';ni  .  /a-rvn-taliizetion.  The 

practically  complete  cessation  of  cry  1  mClUent 

.  probability  oi  nuclei  formatronjSKx)  up  to^  ^  ^ 

decreases  so  bharply  ™a  end  of  the  process, 

particles  forming  up  to  ^7 the  above-mentioned  mo- 

liifltlkSfiSi:; 

°f  nW  Sino^accordin^to^our^assumptiona  Xy  —  *A«V 

then  solutions  (14')  and  (14*)  may  be  vrnttSn 
approximately  ir  the  form: 

,  ^  ,_z.\4  (16') 

/•  _  s  "  ..  _  tv  —  y  .  )  ■»<*■  i“ — y  i  '  -  ' 


,  ’  TT  /_z.y*  a6 

XjC*)  «  *H  -  <*N  -  XA  )  &  (V  ’  -  '* 

-^(V  z  -  20 

*„(•)  -  *A  -  (XN  -  XA>’  C0S  hyP  5)2  "T*'  1  • 

iJ-  fl£ 


(16") 


The  entire  process  of  crystallization  zero, 

the  moment  when  the  suP^®atyit- „%  d  (i^")  to  calculate 
IVI£*U  PhSfciL  at  the  moment  . 

of  completion  of  the  process - —  J 

of/  5*  a  ,  ^„n _ Htcr 


T  *A 


- -  +  1  -  tghyp  ^  V 

cos  hyp  J  XP?  _  ✓ 

4/ - ~i  .  07) 


^2  ^3/  1  —  — ■  . • 

“  TT  A  v  cos  hyp|  (*N  “  xa^ 


6 


Since  z  z. ,  then  the  solution  of  our  funda¬ 

mental  equations'  practically  from  the  very  first  can  be 
set  forth  as  equation  (J.6") ,  or  the  latter  almost  cannot 
be  distinguished  from  ^ 

..  °0S^U*\}  _C  ,.,3) 


x(z)  *  XR  -  (Xjj  -  xA)- 


f  -  <!>5J . 


(IB)' 


13 .  The  fundamental  characteristics  of  the 

process 


Arising  from  the  solutions  obtained  in  the  form 
of  (14),  (16),  or  (IS),  we  can  now  calculate  all  the 
fundamental  characteristics  of.  the  process  and  its  time 
duration  according  to  the  scheme  set  forth  in  one  of  our 
preceding  studies. 

%>;A.  Distribution  function, 


AS  was  developed  in  cur  preceding  ..  studies,  if 
the  dependence  of  x(?)  is;  found,  then  the  '.•number  of  part¬ 
icles  diijv'v  whose  sizes  ore ^included  in  the  interval 
from  ‘v.  1  to  1  +■  dl,  is  determined  by  the  formula: 


*  f'-xa 


i)dP  ^  1  <  v,x 


at  1  >1 


(3.9) 


Substituting  here  the  obvious  ( yavnyy )  form  of  the  ap¬ 
proximate  dependence  which  we  used  in  setting  up  equa¬ 
tions  (6)  (of  figure  1)  end  the  approximate  formula  (14* ) 
for  the  dependence  of  x( z) ,  we  obtain  finally: 

dTjdl  *  0  at  0  <  !  <  l!flax  -  ;1a  V 


dnd]  «  F(xjj)  cos  (2f 


)  *  cos  hyp  (5  )  dl/20 


at  1 


,t  1>1 


The  final  distribution  of  particles  by  size  after 
the  cessation  of  crystallization  is  set  forth  as  analo¬ 
gous  formulas: 


dndl  "  0  at  0<1<L-  zA  , 

dndi  ”  cos  coe  hyp  ( 2  dl 

at  L  « 


A 

ir  l  -  1 


zA4l<L 


(21) 


=  0  at  1*^1 

The  form  of  the  distribution  curve  W  according  to  the 
formulas  (20)  and  (21)  is  represented  for  various  moments 

of  time  in  figure  3*  T  this 

Since  according  to  our  assumption  tni 

ia  represented  in  figure  3;  the  sizes  of  all  crystal 
particles  that  are  close  to  each  other  in  magnituue  als 
??e  in  the  narrow  interval  dl  »  V  which  ia  much  less 
than  the  final  maximum  size  ot.  tht  particles. 


B.  The  total  number  of  particles 

The  total  number  of  crystal  particles  forming  by 
a  given  moment  of  time  is  found  by  the  integration  of 

expressions  (2Q  or  (21)  1  (t) 

maxv  7 


■  J 


dndl  . 


(22) 


At  1  (t)  a  a 

&  maxv  '  1 


8 


At  1  .  „>  z,  subsequent  crystallization  practical- 

3Jv  i* 


Iv  ceases,  and  the  number-  of  particles  remains  constant 
and  equal  to  in  cos  hypf 

<?4) 


N 


n(zA) 


TT 


F<VZA 


The  dependence  of  n  (1  )  according  to  formulas  (23) 

and  (24)  is  representeu  in  figure  4, 

C.  The  time  duration  of  the  process 

'  it  ••  i  . 

Using  the  symbols  introduced  by  us  the  rate 
of  the  decrease  of  concentration  in  the  homogeneoxis  phase 
is  equal  to:  s. . 

v  -  -  I?  *  If  *  (25) 


Knowing  the  dependence  cf  X  on  x,  and  of  x  on  z,  it  is 
possible  to  find  the  dependence  of  interest  to  us,  that 
of  w(x)  —  the  dependence  of  the  rate  on  the  concen¬ 
tration,  and  by  integrating  equation  (25)  the  time  dura¬ 
tion  of  the  process : 


JST 


dx 


t  = 


(26) 


X 


Under  cur  as sumo t ions  the  dependence  of  x  on  t, 
exclusive  of  a  small  initial  interval  of  time,  is  ex¬ 
pressed  with  sufficient  accuracy  by  formula  (16;. 
Thence: 

-5  . 

;  z  =  L 


and 


*N 


f 1  -  ? )  ’ z  ■ 1  1  ■  ^ 

2 


X  *N  -2 
-  P  -pr  2  ■ 

1?  1 


dx 

JJ 

3 

dx  ,,*8 

w  -  -  as  “  “ 


2 


(Xjj  -  x)  ?/$(x)  . 


(27) 


Expression  (2?)  naturally  coincides  with  the  de¬ 
pendence  i r^est if"v tea  in  cne  of  our  preceding  studies, 
which  dependence  was  developed  under  the  assumption  of 
a  total  absence  of  nuclei  formation  during  the  time  of 
the  entire  'process  of  crystallization.  If  at  an  initial 
moment  of  time  one  sets,  in  the  solution,  nf>  as  the  ini¬ 
tial  number  of  crystallisation  centers  vitn  .  .gligtbly 
small  dimensions  for  each,  then  the  rate  of  decrease 
of  the  concentration  w  will  be  proportional  to  '•-be 
rate  of  the  linear  increase  of  /-x(x)  and  to  the  total 
surface  area  of  the  crystal  particles; 

S(x)  ■  “  ?p2ri0  *  3jf  •  - >\  ” 

1  1  2  n° 

.  ‘  (28) 

Inserting  (28)  in  the  equation  for  the  rate 


10 


W  a 


~  H  *  (x) 

and  comparing  with  (27)  >  we  obtain  the  result  that  the 
equivalent  initial  number  of  centers  nQ  will  be: 

cos  hyp  ~ 


*  7^.5 


W>* 


(29) 


That  is,  n  is  actually  equal  to  the  total  number  of  all 
crvstal  °particles  forming,  in  our  case,  in  a  very 
short  initial  period  of  time,  at  a  decrease  of  the  super¬ 
saturation  from  to  xA. 

4.  Discussion  of  the  results  obtained 

We  put  together  a  resume  of  the  quantitative  re¬ 
sults  obtained  by  us  in  the  preceding  paragraphs: 

the  maximum  size  of  a  crystal: 

1 

Xji  ^ 

'  L  *  0.95 - - - I  u  ,* 

(Jp)bx,.  -  1  <**i 


(XV) 


the  interval  of  the  sizes  of  crystals: 

.#  v  V  t 

J  -  rv  1+/M 

hi 


z 


.  \ 


c 


(15) 


^  ^  .  • 
and  the  total  nunbor  of  all  crystal  particles: 

» .  i.i  .  (24<> 

(yf>)*  4 

The  decrease  of  concentration  to  the  moment  of 
the  practical  cessation  of  supersaturation: 

dtTg?r^77<*>^ 

The  maximum  rate  of  decrease-  cf  concentration  in  the 
homogeneous  phase:  12 

-  „  Ik  „  ,12*  Uii  (2 V) 

"max  *  X?;TT  "  tyf 1  (xN  XA'  xtl 

(we  evaluated  the  last  formula  as  to  order  of  magnitude 
from  formula  (27)).  The  time  to  attain  the  maximum  rate 


*S  " 


(13*) 


11 


(in  order  of  Ms.gnitia.'.:^}  f 


'iii  ax  v/. 


4 


.  (26*) 


The  time  for  -practical  conation  of  the  separating;  out 

of  crystals:  /„  .,.  -i  . 

'  s  j  ■  (*’•  "*  :  i  .  '  v 


(50) 


Fro ta  the  values  delePtiii.neci  for  and.  for 

(xr  -  x,),  the  probability  of  nuclei  .fornetion OC^  depends 
very  sharply  on  the  external  parameters  (supersaturatioi: , 
temperature ,  etc .  )  .  v  ‘  ... . 

The  logarithmic  derivative  entering  into  '(13)  then,' 
in  effect,  comes  down  to  the  logarithmic'  derivative  of  Of « 


XN  ~  XA  *  dljfCT^/dXj-  *  ,  ( 

Employ  in?  the  formal*?  of  vcjmer  (10),  we  tha'reurdn 


(13** ) 


obtain 


is  -  A 


X-2  ' 

x.  * — rv~5''  .  at  low  supers&turation 

.  y  or  V  •  * 


£2Cx*~  may  rcean  20x  —  tir/  (I y 


x.  vj  -» S 


x;,  -  x.  « 

?i  Ji 


at  r igb  surer- 
V  saturation 


Inasmuch  as 'ofv  increases  sharply  with,  growth  of 
the  initial  surersaturat.i  on  then,  os  ia  seen  from  (17*,) .. 
and  03*5 ,  the '  quantities  1  and  41  .are'  also  sharply  and, 
.approximately,  parallel  with  one  another  (proportional¬ 
ly  to  oft”)  reduced  thereby.  The  total  number  of  particles 
N, ' whicH  is  proportional  to  CC$,  increases  sharply  with 
supersaturation The  maximum  ‘  rate  Of  tee  process  W(gk£ 
increases  markedly  slowly;  therein,  and  the  .time  tJua2>-  :3^° 
attain -this  rate  is  contracted. 

The  quantity'  x.,  -  xA  varies  (increases)  signifi¬ 
cantly  slowly  with  an  *  increase  in  sunersaturation. 
Thus,  our  calculation  indicates  a  sharp  acceleration  pf 
the  process  and  a  greet  increas'-e  in  dispersion  with 


[increase  in  supcrso.turat.io.il*  lhe  formulas  obtained  yield 
not  only  a  qualitative  ,  out  also  a  quantitative  picture 
of  this  experimentally  confirmed  phenomenon • 

The  distribution  obtained  of  particles  according 
to  size  at  the  very  beginning  of  the  process  is  almost 
uniform.  Subsequently ,  however  (cf  figure  3)»  it  acquires 
la  form  little  different  from  the  Gaussian  error  distriou- 
tion  curve. 


5.  Conclusion 

In  the  development  of  cur  preceding  studies  there 
was  studied  in  detail.  tn«  case  where  the  rate  ol  nuclei 
formation  sharply  decreases  v/ith  decrease  ^  in  surersatura— 
tion.  A  similar  dependence  arises,  for  instance,  from 
Volmer*  s  formula  (10).  Under  the  assumption  advanced 
all  the  fundamental  characteristics  of  tho  process  and 
the  form  o.f  the  distribution  curve  can  be  very  easily 

developed.  ,  .  .  . ,  . 

The  curve  hos  a  peaked  nature  and  re  similar  in 
form  to  the  Gaussian  error  distribution  curve.  Computa¬ 
tions  executed  by  L.  N.  fiosnovkin,  undergraduate  of  the 
Leningrad  State  University,  by  .ueans  of  numerical  inte¬ 
gration  for  a  particular  case  of  the  dependence  flO)  and 
for  the  linear  dependence  of  /?.  upon  x,  yielded  results 
practically  coinciding  with  those  developed  in  the  pre¬ 
sent  paper. 
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